The crossing number of a graph G is the minimum number of pairwise intersections of edges in a drawing of G. 
Introduction
Symmetric graphs, such as the n-dimensional Boolean hypercube Q n , and the cube-connected cycles, have been widely used as processor or communication interconnection networks. For designing, analyzing and improving such networks, Akers and Krishnamurthy proposed a formal grouptheoretic model in [1] . Based on the model, the n-dimensional bubble-sort graph is proposed as one of those classes of networks that have better performance, as measured by diameter, connectivity, fault tolerance, etc, than the popular Q n . Thus, it has drawn a great deal of attention of research (see [2, 4, 9] ).
The n-dimensional bubble-sort graph B n has n! vertices labeled by distinct permutations on {1, 2, · · · , n}. Let x = x 1 x 2 · · · x n be the vertex of B n . Two vertices x = x 1 x 2 · · · x n and y = y 1 y 2 · · · y n in B n are adjacent if and only if x i = y i+1 and x i+1 = y i for some i and x j = y j for all j = i and i + 1. It is obvious B n is an (n − 1)-regular graph.
The crossing number of a graph G, denoted by cr(G), is the smallest number of pairwise crossings of edges among all drawings of G in the plane. In the past thirty years, it turned out that crossing number played an important role not only in various fields of discrete and computational geometry, but also in the design of VLSI circuits [3] and wiring layout problems. However, computing the crossing number was proved to be NPcomplete by Garey and Johnson [7] . Thus, it is not surprising that the exact crossing numbers are known for graphs of few families and that the arguments often strongly depend on their structures (see [8, 10] ).
Concerned with the upper bound of the crossing number of Q n , there is a long-standing conjecture proposed by Erdős and Guy [5] in 1973:
This conjecture remains open till L. Faria, C.M.H de Figueiredo, O. Sýkora, and I. Vrt'o in [6] constructed a good drawing of Q n which gives the upper bound. However, the upper bound of the crossing number of B n is still unknown.
Motivated by [6] , we give an upper bound of the crossing number of the bubble-sort graph B n by constructing a drawing of B n in the plane in this article. In Section 2, we introduce some technical notations and tools, while in Section 3 we give an upper bound of the crossing number of B n for n ≥ 5.
Preliminaries
We use V (G) and E(G) to denote the vertex set and the edge set of G, respectively. A drawing of G is said to be a good drawing, provided that no edge crosses itself, no adjacent edges cross each other, no two edges cross more than once, and no three edges cross in a point. It is well known that the crossing number of a graph is attained only in good drawings of the graph. So we always assume that all drawings throughout this article are good drawings. For a good drawing D of a graph G, we denote by ν(D) the number of crossings in D. It is clear that cr(G) ≤ ν(D).
Let A and B be two disjoint subsets of an edge set E. The number of the crossings formed by an edge in A and another edge in B is denoted by
The number of the crossings that involve a pair of edges in A is denoted by
Next, we present some topological results. Using the results, we derive expressions for counting the crossings of the drawing that is constructed by us in the following section. For n ≥ 6, let P = (k 1 , k 2 , · · · , k n−2 ) be an arbitrary permutation on {2, 3, · · · , n − 1}. For 0 ≤ a ≤ n − 2, we define a structure mesh M n,a depending on P in the real plane R 2 which is used in the counting-crossing process. Join the points (0, 1), (0, 2), (0, 3), · · · , (0, n − 1) and (0, n) of the vertical real axis with a line. For 1 ≤ i ≤ a, let S l,i = {l ij : j ∈ {1, 2, · · · , n} − {k i }} be a group of nonvertical parallel semi-straight lines in the left semi-plane, such that the point (0, j) belongs to l ij and l 11 , · · · , l a1 lie anticlockwise around point (0, 1). For a + 1 ≤ i ≤ n − 2, let S r,i = {r ij : j ∈ {1, 2, · · · , n} − {k i }} be a group of non-vertical parallel semi-straight lines in the right semi-plane, such that the point (0, j) belongs to r ij , and r a+1 1 , · · · , r n−2 1 lie clockwise around point (0, 1). The edge l i ki (1 ≤ i ≤ a) (r i ki (a + 1 ≤ i ≤ n − 2)) is called the "lost" edge with respect to point (0, k i ). In Figure 2 .1 we show drawings of M 6,1 and M 6,2 depending on permutation (2, 4, 5, 3) . By counting the crossings in M n,a , we can get Lemma 2.1. For positive integers n ≥ 6 and 0 ≤ a ≤ n − 2,
For any mesh M n,a depending on (k 1 , k 2 , · · · , k n−2 ), let M ′ n,a be the mesh depending on (k 
Proof. Let β = β l + β r , where β l (or β r ) is the number of inversions in permutation section ( 
Let M t n,a be the mesh depending on 
Proof. Firstly, we give a proper permutation, called (k
Then the permutation (k
We will prove Lemma 2.3 holds for (n, a) = (2m, m). By a similar argument, we can prove Lemma 2.3 holds for the other cases of (n, a) and we leave it to readers. By Lemmas 2.1 and 2.2,
Now we will prove
and for odd t
There are two cases depending on t.
3 Upper bound for cr(B n )
In . To prove Theorem 3.2, we first need some definitions and observations. Figure 3.4) . Now every drawn edge e in D ′ n which started in v will be replaced by n "parallel" edges (bunch) and drawn along the original edge e. Notice that, in this case, locally we have a drawing of mesh. Doing this carefully we get a drawing D Now we introduce a balanced drawing combined with 11-structure, 20-structure and 02-structure meshes. For n ≥ 6, every vertex v ∈ V (B ′ n ) will be replaced by the path P v n+1 v n ···v 1 (or P v 1 v 2 ···v n+1 ) of a specific mesh 
Case 2. k is odd.
v is replaced by a 11-structure mesh.
v is replaced by a 02-structure mesh.
v is replaced by a 20-structure mesh.
By 1) and 2), Lemma 3.1 holds for all n ≥ 6.
Lemma 3.2. For even n ≥ 6 and any vertex v in the drawing
Proof. By Lemma 3.1, l(v) − r(v) ∈ {−1, 1} for even n ≥ 6. . Therefore, Theorem 3.2 holds for all n ≥ 7.
